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1 Instances

1.1 Generating procedure

Random instances of given size and characteristics are generated using the tree-structured representa-
tion of the assembly planning problem depicted in Figure 1. The underlying idea of this structure is to
generate instances where subassemblies must be assembled from the bottom to the top.

The given number of parts are randomly divided into subassemblies with cardinality between sizenin
and sizemax, and with each subassembly, a single node is associated (see the gray leaves in Figure 1).
Two procedures are used to build the tree. In case of a fitting procedure, a fitting node is created and
added to the tree as the parent of two selected root nodes (i.e., nodes without ancestors). In case of
a joining procedure, two nodes, a tool node (see the white leaves in Figure 1) and a joining node are
created and added to the tree so that the joining node becomes the parent of the created tool node and
the selected non-tool root node. The following steps are applied to build the tree: (1) If there is a single
root node, and it is a joining node, then stop. (2) If there is a single root node (note that it is a fitting
node), a joining procedure is applied, then stop. (3) A root node, say v, is chosen randomly. (4) If r is
not a joining node, with pjsining probability a joining procedure is applied on r, then go to step 1. (5)
Another root node, say /, is chosen randomly and a fitting procedure is applied on r and #/, then go
to step 1.

The constituents of the instances are the elements of the sets represented by the leaf nodes (sub-
assemblies and tools). For each subassembly with probability peyfixt @ new fixture is created with
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Figure 1: Structure of the randomly generated assembly problem instances. Leaf nodes represent preselected
subassemblies (gray sets) and tool-parts (dashed sets). Fitting nodes represent the fitting of the corresponding

two subassemblies by human hand. Joining nodes represent the joining of the corresponding subassembly using
a tool.




changeover time uniformly chosen from [tﬁﬁf, t{,gi] such that its grasped part is randomly chosen from

the subassembly, unless the number of existing fixtures exceeds a given limit (n{ri;‘i”’“). If no fixture

exists after the procedure, a single one is created to make the instance feasible. Note that at the end
of the full generation procedure, to keep instances feasible even in the presence of conjunctive and
disjunctive constraints, the number of fixtures can exceed the given upper limit (see later).

For each pair of parts of a subassembly node a task is created with processing time uniformly chosen
from [t{ﬁg "8, t{ﬁtat;ng | fitting these parts together, however, not all of these tasks are added to the prob-
lem. For each subassembly a base part is chosen, and tasks fitting this base part with a non-base part
is added to the problem. Then min{number of all extra tasks, | |V| x m®"? |} randomly chosen extra
tasks are also added to the problem. Note that without any extra tasks, the underlying liaison graph is
a tree.

For each fitting node, a task is created with processing time uniformly chosen from [t{rﬁflmg t{ri;ting I,

with parts randomly selected from the parts of the subtrees rooted at the corresponding two child
nodes, respectively, and with the human hand as the only admissible tool with changeover time 1.0.

For each joining node, a task is also created with processing time uniformly chosen from [tﬁﬁmg t{ﬁl;ﬁ(’ng 1,

and parts randomly selected from the parts of the subtrees rooted at the corresponding two child nodes,
respectively. If the number of existing tools does not exceed a lpredefmed limit (1/99%), a new tool is
also created with changeover time uniformly chosen from [t 20l] Otherwise, an existing one is
chosen randomly, and it is assigned to the task as the only admissible tool. If no fixture exists in the
corresponding subtree after the procedure, a single one is created to make the instance feasible even in

the case of conjunctive constraints (see later).

In case of conjunctive constraints, for each joining node a constraint (¢ & W) is created, where ¢ is the
task associated with the node and W is the set of parts in the left-hand side subtree. Note that the
meaning of such a constraint is that some parts must be fitted together before a joining (for example
screwing) procedure. If the parent of a joining node is a fitting node, then a constraint (t & W) is also
created where ¢ is the task associated with the fitting node and W is the set of parts corresponding to
the joining node subtree. Note that the meaning of such a constraint is that some parts must be joined
before they are fitted to another subassembly.

For the computational experiments, the disjunctive constraints are also generated a priori by the prob-
lem generator. For each joining node u such that its parent node is also a joining node and there are
at least two graspable parts of its subtree, a disjunctive constraint (t & Wy, Wy, z, f) is created where ¢
and z are the task and the tool associated with u, respectively, and fixture f is randomly chosen from
the possible ones. If node u is the left child of its parent, then W is empty, and W; is the set of parts
of its sibling subtree (i.e., the subtree rooted at the right child), otherwise W, is empty, and W is the
set of parts of its sibling subtree.

1.2 Instances families

Preliminary experiments were performed in order to identify hard instances by tuning the parameters
of the problem generator. For instance, it was found that increasing the number of fixtures makes the
problem harder than increasing the number of tools.

As it is impossible to test all combinations of the parameters, in all cases the following settings were

used: sizemin = 1, sizemax = 4, mexire — |V|, iﬁ‘;lf =1, Q;c)t(ures =5, Pjoining = 0.5, Prewfixt =
t t tt tt
0.5, [t ] = [6.0,9.0], (#1118 (18] — [1.0,12.0], [#O778, 00118) — [3.0,8.0], and [to9!, ool | —

[1.0,3.0]. An upper bound of [|V|/5] was set on the number of generated conjunctive constraints.

1.2.1 Families 1 to 4

Four families of instances are generated focusing on different constraint scenarios. In case of Family 1,
the parameters described before are used, and 5 instances are generated for each value of the number
of parts |V| = 10,...,30. A similar procedure is used for Families 2-4, however, with additional
conjunctive constraints in Family 2, disjunctive constraints in Family 3, and both conjunctive and
disjunctive constraints in Family 4.



The properties of the instances generated by these parameters are shown in Table 1 where each row
contains the average values over five instances with the same number of parts (part). These values are
the number of tasks (fask), the number of tools (tool), the number of fixtures (fixt), and the number of
conjunctive and disjunctive constraints (conj and disj). These values show that there are no or only very
few cycles in the liaison graph, i.e., task ~ part — 1.

1.2.2 Family 5

One additional family of instances is generated with a higher number of cycles in the liaison graph. In
order to keep the number of extra tasks under control, this time the modified parameters sizeyin = 3,
Sizemax = 5, me" = 0.3 are used. Conjunctive and disjunctive constraints are also generated for the
instances. By this, the properties of the instances generated by these parameters are also shown in
Table 1 where each row contains the average values over five instances with the same number of parts.



Table 1: Properties of problem instances of Families 1-4 and Family 5

part Family 1-4 Family 1 ~ Family2  Family3  Family4  Family 5

task tool fixt conj disj conj disj conj disj conj disj task tool fixt conj disj
10 92 20 34 00 00 20 00 00 08 20 08 110 20 16 10 00
1 100 20 42 00 00 20 00 00 12 20 12 120 20 16 20 00
12 110 20 40 00 00 20 00 00 04 20 04 140 20 18 20 00
13 122 20 44 00 00 20 00 00 16 20 16 150 20 22 20 00
14 132 20 50 00 00 20 00 00 10 20 10 160 20 20 20 00
15 142 20 52 00 00 30 00 00 14 30 14 170 20 22 30 00
16 150 20 58 00 00 30 00 00 14 30 14 188 20 24 30 02
17 160 20 64 00 00 30 00 00 22 30 22 200 20 28 30 00
8 172 20 62 00 00 30 00 00 18 30 18 210 20 34 30 02
19 180 20 66 00 00 30 00 00 18 30 18 220 20 30 30 02
20 190 20 66 00 00 40 00 00 14 40 14 240 20 28 40 02
21 200 20 68 00 00 40 00 00 24 40 24 250 20 30 40 06
22 216 20 66 00 00 40 00 00 18 40 18 2.0 20 38 40 04
23 224 20 66 00 00 40 00 00 26 40 26 274 20 28 40 02
24 232 20 76 00 00 40 00 00 26 40 26 290 20 34 40 12
25 244 20 74 00 00 50 00 00 20 50 20 300 20 34 50 08
26 254 20 76 00 00 50 00 00 30 50 30 310 20 38 50 04
27 266 20 84 00 00 50 00 00 30 50 30 320 20 36 50 06
28 272 20 84 00 00O 50 00 00 24 50 24 330 20 36 50 02
29 286 20 80 00 0O 50 00 00 22 50 22 348 20 46 50 02
30 290 20 90 00 00 60 00 00 32 60 32 360 20 38 60 10
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Figure 2: Results on the effect of conjunctive and disjunctive constraints: average computation times on different
instance families

2 Computational results

All experiments are performed on a workstation with an i9-7960X 2.80 GHz CPU with 16 cores, under
Debian 9 operating system using 4 threads. All experiments were run with a time limit of 7200 seconds.

2.1 Experiments on conjunctive and disjunctive constraints

The aim of these experiments is to investigate the effects of the presence of conjunctive and disjunctive
constraints. Thus, these are run on Families 1-4.

First, the MILP-based approach of the authors is evaluated (see Section 2.1.1). Then, the MILP-based
approach and the CP-based approach of (Kardos et al., 2020) are compared. In case of the CP-based
method two versions of the OR-Tools solver are used (version 7.1.6720 and 9.0.9048), because the
newer version yielded surprisingly bad results (see Section 2.1.2). Finally, a problem-specific branching
strategy is investigated (see Section 2.1.3).

2.1.1 Evaluation of the MILP-based approach

In Figure 2, the average solution times of the MILP-based approach are depicted for Families 1-4. One
can observe that the presence of conjunctive constraints has a huge impact on the solution time. In-
stances up to 19 parts are solved to optimality within 10 seconds, and instances up to 22 parts are
solved within a minute. Larger instances without conjunctive constraints are solved within 10 min-
utes. However, in case of conjunctive constraints, solution time grows rapidly depending on the part
numbers, that is, for example, 12 out of the largest 25 instances are not solved to optimality within
7200 seconds.

In Table 2, the average and maximum relative gaps are displayed for the largest instances of the families
after 600, 1800, 3600 and 7200 seconds, grouped by the number of parts. The gap is calculated as
100 x (UB — LB)/UB, where UB and LB are the best upper bound (i.e., the value of the best solution)
and the best lower bound found so far, respectively. In most of the cases, at least one instance is not
solved to optimally within 7200 seconds, that is, the maximum final gap after 7200 seconds is not zero.
For Families 2 and 4, the final gaps are quite large, that is, for instances with at least 29 parts the
average gaps are between 4.00% and 9.50%, and the maximum gaps are between 11.20% and 19.00%.

2.1.2 Comparison of the MILP- and the CP-based approaches

In Figure 3, the average solution times on Families 1-4 are depicted, comparing the MILP-based ap-
proach and the CP-based approach with solver versions 7.1 and 9.0 as well.

First of all, the CP-based approach with solver version 9.0 struggles on these instances, that is, could not
end within 7200 seconds even for the smaller instances, thus this approach is tested only on instances



with at most 18 parts.

The CP-based approach with solver version 7.1 and the MILP-based approach yielded disparate results.
On the smaller instances (up to 20 parts) there are no big differences between the two methods except
for a few salient instances, where the CP-based approach required much more time. In most of the
bigger instances the MILP-based approach outperformed the other one, however, on some instances
the CP-based approach yielded better results.

2.1.3 Evaluation of problem-specific branching strategy

In Figure 4 the average execution times on Families 1-4 are depicted, comparing the default branch-
and-cut procedure and the one with the proposed problem-specific branching strategy. Note that the
maximum values of the y-axes are differ for the distinct instance families. In case of instances with
at most 20 parts, the proposed branching strategy has no remarkable impact. However, on larger
instances, this branching rule reduced solution times significantly (in some cases this improvement is
96%).

In Table 2 the relative gaps corresponding to these experiments are also displayed for the largest
instances of Families 1-4 grouped by the number of parts. In contrast to the default branching, for the
most of these groups all of the instances are solved to optimality within 7200 seconds, that is, final gaps
are zero. Using problem-specific branching, for the instances of Families 2 and 4 with at least 29 parts,
average gaps are between 3.60% and 4.10%, and maximum gaps are between 8.10% and 11.50%.
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Figure 3: Comparison of different solution approaches: average computation times on Familes 1-4.
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Figure 4: Results on problem-specific branching strategy: average computation times on Familes 1-4.
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Table 2: Average and maximum gaps (%) after different amounts of computation time with different branching strategies

parts default branching

problem-specific branching

600s 1800s 36005s 72005 600s 1800s 36005s 7200s
avg max avg max avg max avg max avg max avg max avg max avg max
Family 1
26 000 000 000 000 000 0.00 000 000 000 000 000 000 000 0.00 000 0.00
27 070 340 000 000 000 0.00 000 000 130 660 000 000 000 0.00 000 0.00
28 270 620 100 420 060 320 050 240 18 9.00 070 370 060 280 0.00 0.00
29 090 430 060 290 040 200 010 050 100 510 0.00 000 0.00 0.00 0.00 0.00
30 220 950 130 640 110 540 070 350 230 1130 160 780 140 710 0.00 0.00
Family 2
26 280 1140 090 440 070 340 040 210 230 11.50 0.00 0.00 0.00 0.00 0.00 0.00
27 930 1700 350 790 250 610 160 500 780 1380 3.60 710 160 640 090 450
28 700 1400 550 1240 470 1110 330 820 880 1190 350 960 180 920 1.80 8.80
29 750 1770 530 1570 450 1230 4.00 1120 6.60 1470 470 1190 370 9.60 3.60 9.30
30 13.00 2220 10.60 1820 820 13.80 6.80 1340 1010 17.00 7.00 1320 540 1040 390 8.10
Family 3
26 000 000 000 000 000 0.0 000 000 000 000 000 000 000 0.00 000 0.00
27 100 510 000 000 000 0.00 000 000 140 710 000 000 0.00 0.00 0.00 0.00
28 340 610 170 360 080 290 030 130 320 830 080 380 050 260 0.00 0.00
29 180 440 080 290 060 200 010 040 130 510 0.00 000 0.00 0.00 0.00 0.00
30 200 1010 140 700 130 660 120 620 200 1010 170 840 130 6.60 0.00 0.00
Family 4
26 360 11.00 120 620 110 540 100 480 200 1020 0.00 0.00 0.00 0.00 0.00 0.00
27 720 1380 450 960 280 780 140 500 740 1520 370 710 220 640 040 210
28 1260 1550 850 1270 640 11.00 440 930 1080 1360 730 1080 530 9.80 3.80 8.60
29 1010 21.00 650 1520 570 1480 470 1400 790 1870 580 1560 440 13.00 410 11.50
30 1440 21.60 11.70 2030 10.60 1940 950 19.00 11.20 1550 8.10 14.00 560 1050 4.00 8.10




2.2 Experiments on cycles of the liaison graph

The aim of these experiments is to investigate the effects of cycles in the liaison graph. Thus, these are
run on Family 5.

First, the MILP-based approach of the authors is evaluated (see Section 2.2.1). Then, the MILP-based
approach and the CP-based approach of (Kardos et al., 2020) are compared. Again, in case of the
CP-based method two versions of the OR-Tools solver are tested (see Section 2.2.2). Finally, a problem-
specific branching strategy is investigated (see Section 2.2.3).

2.2.1 Evaluation of the MILP-based approach

In Figure 5a, the average execution times of the MILP-based approach are depicted for Family 5. Note
that the bar plot in the background refers to the average number of extra tasks (that, is the number of
tasks minus the number of parts plus one), where the lowest bar refers to 2 extra tasks, and the highest
one refers to 7 extra tasks.

The approach scales well with the increase of problem size. Instances with at most 16 parts and
3.8 extra edges are solved to optimality within a second. Instance with at most 23 part and 5.4 extra
edges are solved to optimality within a minute. The larger instances are solved to optimality within
2000 seconds, on average.

2.2.2 Comparison of the MILP- and the CP-based approaches

In Figure 5b, the average solution times on Family 5 are depicted, comparing the MILP-based approach
and the CP-based approach with solver versions 7.1 and 9.0 as well.

The CP-based approach with solver version 9.0 is struggling on these instances, thus, it is tested only
on instances with at most 18 parts. The CP-based approach with solver version 7.1 performed better,
however, the MILP-based approach significantly outperforms them. For example, the CP-based ap-
proach could not solve to optimality any of the instances with at least 21 parts. The minimum, average
and maximum optimality gaps on these instances are 1.8%, 20.0% and 42.5%, respectively.

2.2.3 Evaluation of problem-specific branching strategy

In Figure 5c the average solution times on Family 5 are depicted, comparing the default branch-and-
cut procedure and the one with the proposed problem-specific branching strategy. In case of instances
with at most 25 parts, the proposed branching strategy has no remarkable impact. However, on larger
instances, this branching rule reduced solution times significantly (for the largest instances this im-
provement is 74%, on average).
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Figure 5: Results on Family 5.
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